Resonance scattering and the passage to bound states in the field of
  near-black-hole objects by Gossel, G. H. et al.
ar
X
iv
:1
30
8.
64
26
v3
  [
gr
-q
c] 
 4 
No
v 2
01
4
Resonance scattering and the passage to bound states in the field of near-black-hole
objects
G. H. Gossel, V. V. Flambaum, and J. C. Berengut
School of Physics, University of New South Wales, Sydney 2052, Australia
(Dated: March 24, 2018)
We examine the spectrum of a massive scalar particle interacting with the strong gravitational field
of a static, spherically symmetric object which is not quite massive enough to be a black hole. As was
found in the case of massless particles, there exists a dense spectrum of long lived resonances (meta-
stable states), which leads to an energy-averaged cross section for particle capture which approaches
the absorption cross-section for a Schwarzschild black hole. However, the generalisation to non-
zero mass introduces new phenomena, along with important qualitative changes to the scattering
properties. In contrast to the massless case, there exists a spectrum of bound states with almost
identical structure to that of the resonances, allowing for the possibility of radiative transitions and
particle capture. The resonance lifetimes for elastic processes are parametrically larger than for
massless particles, meaning the absorption cross-section approaches the black hole case faster than
for massless scalars.
PACS numbers: 04.62.+v, 04.70.Dy, 04.70.-s
I. INTRODUCTION
In this work we analyse the scattering properties of
massive scalar particles in strong gravitational fields. We
find the resulting dynamics to be significantly richer and
more complex than in the massless scalar case we con-
sidered previously [1]. The strong gravitational field is
provided by a near-black-hole object, defined as hav-
ing a radius R that slightly exceeds the corresponding
Schwarzschild radius rs = 2GM/c
2, and taken to be
static and spherically symmetric. As with the massless
particle case, we find the spectrum to be dominated by a
set of dense, narrow resonances which give rise to black-
hole-like absorption as rs → R (black hole limit). That is,
the resonances lifetimes are such that an observer will not
live long enough to get the scattered particle back even
for elastic processes. However, this system also possesses
bound states, the energies of which are given by the same
formula used to describe the resonance positions. Having
both bound and resonant states, this system may have
radiative transitions between resonant and bound states,
which drive inelastic capture. Furthermore, we find that
the lifetime (for elastic processes) of the resonances for
massive incident particles is parametrically larger than
the massless case. We show that this increase in lifetime
means the system acquires black-hole-like absorption well
before an equivalent system with massless incident par-
ticles.
In previous works we found that for massless spin-0,
1/2, and 1 particles scattering in the field of a near-black-
hole object, there exists a dense spectrum of narrow res-
onances (long lived meta-stable states), the lifetimes and
density of which tend to infinity as the body rs → R
[1–3]. The resulting energy average cross-section for cap-
ture into these resonances (optical cross-section) exactly
matched that of a Schwarzschild black hole in the low
energy limit. This illustrated that the body may develop
black hole absorption properties before the formation of
a black hole. On the other hand, this set of resonances
is complemented by an equally dense set of bound states
for massive particles, the spectrum of which collapses to
zero energy (and becomes quasi-continuous) in the black
hole limit [4, 5]. The requirement that the metric be
static and spherically symmetric does not in turn require
isotropy of the stress energy tensor, freeing us to explore
the parameter space beyond the well known Buchdahl
limit rs/R < 8/9. The ability to take rs/R → 1 for
anisotropic spheres has been examined previously (see
e.g. [6–9]). Two examples of such metrics were devel-
oped by Florides [10] and Soffel [11], and are discussed
further in later sections.
In this work we consider the effect of non-zero particle
mass on the scattering of scalar particles around finite-
size bodies. We show that a dense spectrum of resonances
still exists for massive particles, but with two important
differences. Firstly, the width of a given resonance is
smaller for a particle with mass m 6= 0 and thus the
lifetime of the state is longer (with the resonance posi-
tion being weakly dependent on m). This longer lifetime
implies that the transition to black-hole-like absorption
occurs much earlier than in the massless case.
Secondly, there exists a spectrum of bound states for
ǫ < m, ‘shifting’ the start of the resonance spectrum to
higher energies ǫ > m. Interestingly, the structure of
the resonance and bound level energies is nearly identi-
cal for rs close to R: the energy levels of both bound
and unbound states may be described by the same for-
mula. Therefore, as rs → R (with fixed particle mass m)
any resonance of principal quantum number n (defined
as a resonance having n−1 nodes on the interior, consis-
tent with the bound spectrum) will disappear from the
unbound spectrum and be replaced by a bound state.
In the unbound case, as rs → R, all resonances of a
given n will eventually cross into the bound state spec-
trum. However, for a given energy range ∆ǫ in the con-
tinuum, the resonance energy spacing D and width Γn
2tend to zero (lifetime τ → ∞), while their ratio remains
finite. This allows us to define the total cross-section for
particle capture into these long-lived states using the op-
tical model [12], which is calculated by averaging over a
small energy interval containing many resonances. In the
low momentum limit the resonance capture cross-section
is σa = 4π
2r3sǫ
3/p2 where ǫ is the energy of the incident
particle and p is the particle momentum at infinity. This
is precisely the low momentum absorption cross section
for massive scalar particles incident upon a Schwarzschild
black hole [13].
Additionally, such a system may have radiative transi-
tions allowing particles to drop down from resonances
into bound states. While we only calculate the res-
onance spectrum for s-wave (l = 0) states, all states
including those with l 6= 0 contribute to the total in-
elastic width that appears in the formula for the cross
section. We show that so long as the individual partial
widths of any inelastic processes are negligible compared
to the distance between the levels, only the elastic width
contributes to the total energy-averaged capture cross-
section given above.
It should be noted that the resonances considered in
this work are localised (in the black hole limit) entirely on
the interior of the finite-size body, and thus differ from
the quasi-bound states that exist in the exterior black
hole spacetime (see e.g. [14–21]).
As in previous works we perform both analytical and
numerical calculations, with good agreement between the
two.
II. WAVE EQUATIONS
The Klein-Gordon equation for a scalar particle of
mass m in curved space-time with the metric gµν
(c = ~ = 1) is
∂µ(
√−ggµν∂νΨ) +
√−gm2Ψ = 0. (1)
One may write the metric of a static, spherically sym-
metric non-rotating body as
ds2 = eν(r)dt2 − eλ(r)dr2 − r2dΩ2. (2)
Substituting Eqn. (2) into Eqn. (1) and applying the sep-
aration of variables Ψ(x) = e−iǫtψ(r)Ylm(θ, φ) yields the
general radial wave equation
ψ′′(r) +
[
ν′(r)− λ′(r)
2
+
2
r
]
ψ′(r)
+
[
eλ(r)−ν(r)ǫ2 − eλ(r)m2
]
ψ(r) = 0, (3)
where we have set l = 0 (s-wave only) for simplicity.
III. GENERAL INTERIOR SOLUTION
Equation (3) can be transformed into a
Schro¨dinger-like equation by making the substitu-
tion ψ(r) = e[λ(r)−ν(r)]/4χ(r)/r, yielding
− χ′′(r) + 1
4
χ(r)
[
2α′(r) + α2(r) − 4β(r)] = 0, (4)
where
α(r) =
1
2
[ν′(r) − λ′(r)] + 2
r
,
β(r) = eλ(r)
(
e−ν(r)ǫ2 −m2
)
. (5)
In the limit rs → R the metric coefficient eν(r) → 0
(smoothly) on the interior r ≤ R as time slows down in
the black hole limit. Thus in this limit only the energy
term contributes to the bracketed expression in Eqn. (4);
the energy term becomes large as the wavefunction oscil-
lates many times in the strong field on the interior allow-
ing us to invoke the semi-classical approximation. Specif-
ically, we may ignore the contributions from ν′(r) and
λ′(r) in favour of the metric coefficient exponentials due
to the smoothness of eν(r), and the general form of eλ(r)
(see below). As both the function eν(r) and its derivative
tend to zero as rs → R, we may write
(
eν(r)
)′
= ν′(r)eν(r) → 0 (6)
=⇒ ν′(r)≪ e−ν(r).
For spherically symmetric static spheres joined to the
Schwarzschild exterior at r = R, eλ(r) always takes the
form [6, 22]
eλ(r) =
(
1− rsr
2
R3
)−1
. (7)
These assumptions serve to define the set of metrics for
which our analysis and results are valid, a simple example
of which is the Florides metric [10] discussed in Sec. (IX).
Using Eqns. (6) and (7) we see that in the black hole
limit β(r) dominates over α(r) and its derivatives in
Eqn. (4) everywhere except for a small region near the
boundary (where λ′(r)→∞), the size of which tends to
zero as rs → R. For brevity we continue to write eλ(r)
rather than the explicit form above until a specific eν(r)
is considered.
Taking only the dominant term in Eqn. (4) in the limit
rs → R would result in neglecting the α(r), α′(r), and
m2 terms in the effective potential. However, we are
interested in the effect of non-zero m and therefore keep
it in the semi-classical momentum, now written as
k(r) =
√
β(r),
= eλ(r)/2
[
e−ν(r)ǫ2 −m2
]1/2
. (8)
This expression appears in the semi-classical interior
wave function
χ(r) =
a√
k(r)
sin
(∫ r
0
k(r′)dr′
)
, (9)
3where a is a constant pre-factor determined by overall
normalisation. This semi-classical solution is valid so
long as β(r) dominates over α(r) and its derivatives in
Eqn. (4), as discussed above.
Transforming back to the original wavefunction ψ
yields
ψ(r) = a
e−ν(r)/4
r
(
ǫ2e−ν(r) −m2)1/4 sin
(∫ r
0
k(r′)dr′
)
. (10)
To simplify the above expression we invoke the black hole
limit and neglect m in the amplitude pre-factor, but al-
low it to remain in the phase integral. This is justified by
noting that the narrow resonances we wish to investigate,
as discussed in [1], are far more sensitive to the rapidly
varying (in energy) phase at the boundary than they are
to the (slowly varying in energy) amplitude pre-factor.
In this case the pre-factor simply reduces to a/(r
√
ǫ). In
propagating the interior solution to large distances only
the logarithmic derivative of the interior solution is re-
quired, thus the constant pre-factor may be neglected,
giving the interior solution as
ψ(r) =
1
r
sin
(∫ r
0
k(r′)dr′
)
. (11)
It is useful for later calculations to define the total phase
accumulated at the boundary as
Φ(rs) =
∫ R
0
k(r)dr,
=
∫ R
0
[
ǫ2eλ(r)−ν(r) −m2eλ(r)
]1/2
dr. (12)
In the black hole limit we expand around eν(r) ≪ ǫ2/m2
(over all r ≤ R) allowing us to express the integrand as
Φ(rs) = ǫ
∫ R
0
e[λ(r)−ν(r)]/2dr − m
2
2ǫ
∫ R
0
e[λ(r)+ν(r)]/2dr.
(13)
Defining x =
∫ R
0
e[λ(r)−ν(r)]/2 dr, y =
∫ R
0
e[λ(r)+ν(r)]/2dr
allows us to write the interior phase at the boundary as
Φ(rs) = ǫx− m
2y
2ǫ
, (14)
where both x and y have units of length, and x → ∞,
y → 0 in the black hole limit.
IV. MATCHING TO THE EXTERIOR
SOLUTION
Outside a spherically symmetric, non-rotating body of
mass M and radius R the metric is given by
ds2 =
(
1− rs
r
)
dt2 −
(
1− rs
r
)−1
dr2 − r2dΩ2, (15)
where rs = 2GM is the Schwarzschild radius of the
body and G is the gravitational constant. Substitution of
Eqn. (15) into Eqn. (3) gives the exterior radial equation
as
ψ′′(r) +
(
1
r − rs +
1
r
)
ψ′(r) (16)
+
(
r2ǫ2
(r − rs)2 −
m2r
r − rs
)
ψ(r) = 0.
If the radius of the body R only slightly exceeds rs the
solution just outside the body is the following linear com-
bination of the incoming and outgoing waves,
ψ ∼ exp[−irsǫ ln(r − rs)] +R exp[irsǫ ln(r − rs)], (17)
where R is the reflection coefficient. Here we have ig-
nored contributions from terms containing m under the
assumption
m≪ ǫ
√
r/(r − rs). (18)
It will be shown that in the black hole limit the bound
and resonance energies may be represented by the same
function, given by Eqn. (29). For these energies it may
be shown that Eqn. (18) is valid for sufficiently large
principal quantum number n. Bound states with large n
may always be found for rs/R sufficiently close to 1.
By matching the logarithmic derivatives of the interior
and exterior solutions, given by Eqns. (11) and (17) re-
spectively, on the boundary r = R, we find the reflection
coefficient to be
R = −e2i[Φ(rs)−ǫrs ln(R−rs)]. (19)
By redefining x (the term in the phase linear in ǫ) in
Eqn. (14) to absorb the logarithmic term in Eqn. (19),
we may re-write R as
R = −e2iΦ(rs). (20)
In solving for the reflection coefficient we have made use
of the relation
(R− rs)k(R) = ǫR (21)
which follows from imposing continuity of the metric (2)
at the boundary r = R and taking rs → R.
V. SCATTERING MATRIX
At large distances Eqn. (16) is Coulomb-like with effec-
tive charge Z = −rs(ǫ2+p2)/2 where p is the momentum
of the particle at infinity [23]. This allows the solution to
be written in terms of outgoing and incoming waves as
ψ(r) =
Aeiz +Be−iz
r
, (22)
4where z = pr + ϕ ln(2pr) + δC , ϕ = rs
(
ǫ2
2p +
p
2
)
and
δC = arg [Γ (1− iϕ)] is the Coulomb phase shift. There-
fore the s-wave scattering matrix [12] is
S0 = (−1)A
B
e2iδ
C
. (23)
The coefficients A and B are calculated by constructing
solutions to Eqn. (16) in different regions of the exterior.
These solutions are then matched under appropriate con-
ditions allowing propagation of the boundary conditions
at r = R to large distances where Eqn. (22) is valid.
This procedure is detailed in [24], with the resulting low
energy S-matrix is given by
S0 =
1 +R− ǫr2spC2(1−R)
1 +R+ ǫr2spC2(1−R)
e2iδC , (24)
where
C2 =
2πϕ
1− exp[−2πϕ] , (25)
is the Coulomb factor.
VI. RESONANT CAPTURE
Resonant states with complex energy ǫ = ǫn − iΓn/2
occur where the S-matrix (24) has a pole. To find these
complex poles we first set the denominator of (24) to zero,
solve for R, and use (20) (under the condition ǫr2spC2 ≪
1), giving
2iΦ(rs) = 2i
(
ǫx− m
2
2ǫ
y
)
= 2ǫr2spC
2 + 2πni. (26)
As we are considering narrow resonances and low en-
ergies, Γn ≪ ǫn ≪ 1/R (where 1/R is the energy
scale in our system of units), we make the substitution
ǫ → ǫn − i2Γn only in the linear energy terms of (26).
Specifically, we do not substitute into the term ǫp as do-
ing so yields width terms ∝ Γ2n which are negligible com-
pared to the terms linear in Γn arising from other energy
terms in Eqn. (26). Under these conditions, substituting
ǫ→ ǫn − iΓn/2 in Eqn. (26) yields
(2iǫn + Γn)x−
im2
(
ǫn +
i
2Γn
)
y
ǫ2n
= 2ǫnr
2
spC
2 + 2πni.
(27)
Equating real and imaginary components yields the res-
onance widths
Γn =
2ǫnr
2
spC
2
x+ m
2y
2ǫ2
n
, (28)
and positions
ǫn =
πn+
√
2m2xy + π2n2
2x
. (29)
Equation (13) shows that in the black hole limit y/x→ 0.
Under this condition the mass term in Eqn. (29) becomes
negligible and the result reduces to the energy spectrum
for resonances with m = 0 given in [1]: taking non-zero
particle mass does does not significantly perturb the res-
onance energies, and the energy spacings are given by
D = πx as in the massless case.
However, the presence of the p term in the numera-
tor of Γn means the width is strongly dependent on the
mass of the scattered particle. It is worth noting that
whilst the p term in Γn implies the width will tend to
zero when m = ǫ, C2 is also a function of p and so this
limit evaluates to
lim
p→0
Γn =
2πr3sǫ
3
x+ y/2
, (30)
which gives a lower bound on the resonance widths for
a given rs in the region ǫ & m. The above expression
is calculated assuming that for p → 0, exp[πǫ2/p] ≫ 1
which is only valid for m 6= 0.
VII. CONTRIBUTIONS FROM ELASTIC AND
INELASTIC PROCESSES
The Breit-Wigner formula giving the total cross-
section for elastic and inelastic scattering (for an isolated
resonance) is
σt =
π
p2
ΓelΓtot
(ǫ− ǫn)2 + Γ2tot/4
. (31)
If we choose a region containing many resonances (i.e.
a energy interval of size ∆ǫ ≫ D) the energy averaged
capture cross-section of the resonances in this region is
σ = N
∫ ǫn+δǫ/2
ǫn−δǫ/2
σt
∆ǫ
dǫ, (32)
where N = ∆ǫ/D is the number of resonances in the
integrated region. In the case of narrow resonances, this
integral converges quickly and thus the bounds can be
extended to infinity. Making the substitution ρ = (ǫ −
ǫn)/Γtot we can re-write this as
σ ≈ π
Dp2
∫ ∞
−∞
Γel
ρ2 + 1/4
dρ
=
2π2Γel
Dp2
, (33)
which is the energy-averaged optical cross-section (where
we have factored out the momentum p as it varies slowly
in the case of narrow resonances). Importantly, the above
result does not depend on the total width, and thus is not
sensitive to the presence of possible inelastic channels.
However, we have made an implicit assumption in
Eqn. (32), specifically we summed over contributions
from individual resonances in the averaging process. This
5is allowed if Γtot ≪ D, a rather strong condition which
may in fact be relaxed slightly. This can be seen from
the optical theorem,
σ =
4π
k
Imf(0), (34)
the left hand side of which contains, amongst other
things, interference terms whereas the right hand side
only contains the sum of resonance contributions. There-
fore the restriction on using this expression is that we ne-
glect the interference terms which may have no definite
sign and are suppressed by the averaging process. For
the derivation and extended discussion, see [27].
We can now apply Eqn. (33) to our system of reso-
nances where the elastic widths Γel are given by Γn as
in Eqn. (28). In the low energy and black hole limit
(m < ǫn ≪ 1/R) the resonance widths are always much
smaller than the resonance spacings and so we write [12]
σ¯opta =
2π2Γn
Dp2
,
=
4πxC2ǫr2s
p (x+m2y/2ǫ2)
. (35)
Taking the low momentum limit yields the expression
lim
p→0
σ¯opta =
4π2r3sǫ
3x
p2(x+ y/2)
, (36)
where we have substituted back for mass using m =√
ǫ2 − p2. Once again invoking the rs → R limit (x≫ y)
we simplify the result to
lim
p→0
σ¯opta ≈
4π2r3sǫ
3
p2
, (37)
which corresponds to the black hole cross section form 6=
0 [13].
Furthermore, as in [1], one can replace the energy av-
eraging procedure used previously with an average over
the rapidly varying phase in the S-matrix. In doing so
one finds
S =
1
π
∫ π
0
1 +R− ǫr2spC2(1 −R)
1 +R+ ǫr2spC2(1 −R)
e2iδCdφ
=
1
π
[∫ π
0
1 + e2iφ − ǫr2spC2(1− e2iφ)
1 + e2iφ + ǫr2spC
2(1− e2iφ)dφ
]
e2iδC
=
1− ǫr2spC2
1 + ǫr2spC
2
e2iδC . (38)
In the case where there are inelastic processes present,
i.e. |R| < 1, the above approach is still valid so long as
the elastic phase is rapidly varying. The S-matrix given
above is precisely the result one obtains by setting R = 0
in the S-matrix, i.e. corresponds to the black hole result.
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FIG. 1: Energies of numeric resonances (closed circles) and
bound states (open circles) compared with the analytic energy
(solid line) given by Eqn. (29). The vertical dashed line repre-
sents the energy ǫn = m. Here rs/R = 0.999 and m = 0.1/R.
VIII. BOUND STATES
The scattering matrix may also be used to analyze the
bound state (ǫ < m) spectrum by returning to Eqn. (26).
For bound states we search for poles of the S-matrix for
real energy and therefore simply solve Eqn. (26) for ǫ.
Under the condition ǫ < m ≪ 1/R, this yields the same
expression for energy (ǫ < m) as given in Eqn. (29) for
ǫ > m. In the formalism given the ground state corre-
sponds to n = 1. For an alternative derivation see [4].
We note that for ǫ < m both p and C2 have imaginary
parts and therefore should be included when equating
components in Eqn. (26). However, the aforementioned
condition ǫ < m≪ 1/R ensures that the imaginary con-
tribution from 2ǫr2spC
2 is small compared to the poten-
tially large (semi-classical) 2πni term and may be ig-
nored. The conditions imposed are compatible with the
restriction given in Eqn. (18).
Equation (29) can therefore be used to describe both
the continuum and bound spectra. In doing so we see
that for rs → R and a fixed value of m, any resonance
of principal quantum number n will disappear from the
unbound spectrum (cross ǫn = m ) and be replaced by
a bound state of energy ǫn. This transition is depicted
in Figures 1 and 2 in the case of the Florides metric.
Specifically we see how changing the value of rs/R for a
fixed value of n moves the state from being unbound to
being bound.
IX. NUMERICAL PHASE CALCULATIONS
In the following sections we perform the calculations
detailed prior in the Florides metric [10, 25], character-
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FIG. 2: Energies of numeric resonances (closed circles) and
bound states (open circles) compared with the analytic energy
(solid line) given by Eqn. (29) for the n = 7 state. The
horizontal dashed line represents the energy ǫn = m = 0.1/R.
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FIG. 3: Numerical short range phase δ (solid line) as de-
fined in Eqn. (40) and analytic phase (dashed line) given by
Eqn. (20) in the Florides metric. The solid circles represent
the analytic approximations to the energies in Eqn. (29). Here
2 ≤ n ≤ 7, rs/R = 0.99, and m = 0.1/R. This illustrates that
Eqn. (29) remains a good approximation to the energies even
when the resonances begin to overlap and are no longer rep-
resented byEqn. (28).
ized by
eν(r) =
(1− rs/R)3/2√
1− rsr2/R3
, eλ(r) =
(
1− rsr
2
R3
)−1
. (39)
Calculations in this metric are performed twice: once
numerically (exact solutions) and once using the semi-
classical method described previously. In each case we
use Eqn. (1) to generate an interior wave equation for
the given metric.
Exact solutions are obtained by numerically solving the
wave equations using the boundary condition ψ(0) = 1,

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FIG. 4: Numeric (dots and crosses) and analytic (solid and
dashed lines) widths in the Florides metric as a function of
rs/R. The dots and solid line correspond to m = 0, whereas
the crosses and dashed line correspond tom = 0.1/R. In both
cases the analytic widths are given by Eqn. (28)
ψ′(0) = 0 with the help of Mathematica [26]. This solu-
tion provides a real boundary condition for the exterior
wave function at r = R. Equation (16) is then integrated
outwards to large distances r ≫ rs. As discussed prior
to Eqn. (22), in this asymptotic region Eqn. (16) takes
the form of the non-relativistic Schro¨dinger equation for a
particle with momentum p and unit mass in the Coulomb
potential with charge Z = −rs
(
ǫ2 + p2
)
/2. Hence, we
match it with the asymptotic Coulomb solution [12]
ψ(r) ∝ sin [pr − (Z/p) ln(2pr) + δC + δ] (40)
where δC = argΓ(1 + iZ/p) is the Coulomb phase shift,
Γ(x) being the Euler gamma function, and δ is the short-
range phase shift. The latter is determined almost ex-
clusively by the interior equation, and carries important
information about the behaviour of the wave function at
r . R. In all cases discussed the numeric phase referred
to is δ given in Eqn. (40). An example of this numeri-
cally calculated phase for the Florides metric is given in
Fig. (3). The body radius R is set to 1 for all numeric
calculations i.e. all lengths are measured in units of R.
The phase possesses steps of height π at the resonance
positions ǫn. We fit the step profile of an individual res-
onance to the Breit-Wigner function
δ(ǫ ≃ ǫn) = δn + arctan
[
ǫ− ǫn
Γn/2
]
(41)
where δn is a constant, from which we extract the numeric
resonance widths and positions Γn and ǫn. Using the
Florides metric coefficients (39) in Eqn. (13) yields
x = A(1− rs/R)−3/4 −R ln(1− rs/R),
y = B(1− rs/R)3/4 (42)
where A ≈ 1.198R and B ≈ 2.622R (for rs → R).
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FIG. 5: Numeric (dots) and analytic (solid lines) energy levels
in the Florides metric as a function of principal quantum num-
ber n (ground state corresponds to n = 0). Here m = 5/R
and rs = 0.980, 0.990, 0.995, 0.999 with the shallower, lower
value, lines corresponding to higher rs values.
Substituting these values in to Eqns. (28) and (29)
we arrive at the resonance widths for the Florides case,
plotted against the numerical values in Fig. 4. Addition-
ally, Eqn (29) is compared against numerics for ǫ < m in
Fig. 5.
X. THE STRONG ENERGY CONDITION AND
BOUNDS ON rs/R
As noted previously, much work has been done on ex-
amining the nature of the rs/R → 1 limit [6–9]. These
results suggest that under certain conditions, including
anisotropy of the metric, one may take rs/R → 1 in a
physically sensible way. However, a recent work exam-
ined these treatments in light of the strong energy condi-
tion and found that for static spherically symmetric bod-
ies we should have rs/R < 0.98 [28]. While the results
presented so far in this work only examine the cross sec-
tion in the formal limit rs/R→ 1, showing that it is equal
to the pure black hole case for low ǫ, we can broaden our
question to ask how applicable our results are at lower
rs/R. To answer this it is useful to examine the Soffel
metric, an analytic continuation of the Schwarzschild in-
terior metric made to work beyond the Buchdahl limit.
The Soffel metric [11] is characterised by
eν(r) =
(
1− rs
R
)
exp
[
−rs(1− r
2/R2)
2R(1− rs/R)
]
(43)
with eλ(r) as in the Florides case.
In the process of examining the effect of non-zero
m on the resonance structure — the main emphasis of
this work — we performed numeric calculations on the
Florides metric only, because the Soffel dt2 metric co-
efficient is such that the effect of mass is exponentially
suppressed as rs/R→ 1.
To examine just how close one can get to the black hole
case with rs/R < 0.98, it is useful to numerically compare
the possible values of the absorption cross section. For
the Soffel metric, the integrals defined following Eqn. (13)
are given by
xS =
√
π
rs
exp
[
rs
4R(1− rs/R)
]
,
yS =
π
4
√
1− rs/R. (44)
These integrals are computed assuming rs/R → 1, but
as we see in Fig. (6), we needn’t be very close to 1 for
the approximation to be valid. Comparison of Eqns. (36)
and (37) show that, for p → 0, the cross section for the
near-black-hole case tends to that of the pure black hole
when
xS
xS +m2yS/2ǫ2
→ 1 (45)
which, in light of the above expressions, clearly occurs
well before rs/R = 0.98. For example, it is within 10
−5
of unity at rs/R = 0.97 with p = 10
−4, andm = 0.1. One
subtlety that emerges, however, is how small p must be.
In addition to using m2/ǫ2 → 1 in the above expression
(a weak condition), we have made the simplification
C2 → πrsǫ
2
p
(46)
in going from Eqn. (35) to (36). This remains valid for
p≪ ǫ (see Eqn. (25)) and is independent of rs/R.
Coupled with the fact that the distance between the
levels in the region of ǫ ≈ m for rs/R = 0.98 is ∼ 10−6
(much less than the value of p used in the above example),
we see that not only can we average over many resonances
using the optical model, but that the absorption cross
section is already rapidly tending to that of a pure black
hole. As an example, for p = 3 × 10−6,m = 0.1, and
rs/R = 0.98, the difference between σ¯
opt
a (35) and the
cross section of a black hole (37) is 0.005%.
Thus, even though the rs/R → 1 limit may be dis-
allowed under certain physical restrictions, we still find
that our approach elucidates rich and interesting physics
in a sufficiently strong (but not disallowed) gravitational
field.
XI. CONCLUSIONS
By considering the scattering matrix for a scalar parti-
cle in the gravitational field of a static, spherically sym-
metric near-black-hole object, we determine the energy
spectrum of the bound states and the unbound (scatter-
ing) resonances. In the black hole limit (rs → R) the
energy density of both the bound and unbound spectra
tends to infinity as both spectra collapse and become
80.86 0.88 0.9 0.92 0.94 0.96 0.98
1
10
100
1000
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FIG. 6: Numeric verification of xS in Eqn. (44). Here we
compare the analytic (solid line) and numeric (dashed line)
results of the first integral in Eqn. (13) for the Soffel metric.
quasi-continuous. Importantly, the lifetimes of the reso-
nant states also tend to infinity in this limit giving rise
to effective absorption in a purely elastic scattering sce-
nario. By utilising the optical model we calculate the
cross section for absorption into these resonances. In
the black hole limit this cross section exactly equals the
cross section in the pure black hole case (for low particle
momentum). Thus black-hole properties may emerge in
a non-singular static metric prior to the formation of a
black hole as in the m = 0 case. Additionally, we show
that both the resonance and bound state energies may
be described by a single function spanning both spectra.
Consequently, in the black hole limit any resonance of
fixed principal quantum number n will disappear and be
replaced with a bound state with identical n. As shown
previously in [4, 29], bound states and a similarly dense
spectrum of resonances also exist for massless particles
in near-singular metrics with no black hole limit. We
therefore conjecture that generalising to m 6= 0 particles
in such systems would also lead to possible radiative cap-
ture, as well as lengthening of resonance lifetimes leading
to a more rapid onset of the limiting behaviour.
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